18.152 Midterm exam
due April 6th 9:30 am

1. PRELIMINARY

Given a set A C R" and a function u : A — R, we say that

(a) uw e C(A) if u is continuous in A,

(b) u € D¥(A) if u is k-times differentiable in A,

(c) u € C*(A)if u is k-times differentiable and its k-th order derivatives
are continuous in A,

(d) u e C>®(A) if u is smooth (co-many times differentiable) in A,

(e) u € C%(A) if u is locally Lipschitz continuous in A, (Definition 1)

(f) u € C*1(A) if u is k-times differentiable and its k-th order deriva-
tives are locally Lipschitz continuous in A.

Definition 1. We say that u: A — R is Lipschitz continuous in A if there
exists some constant C4 such that

(1) u(z) —u(y)| < Calz —yl,

holds for all x,y € A.
We say that u : A — R is locally Lipschitz continuous in A if given any
compact subset K C A, u is Lipschitz continuous in K.

We recall a version of the integration by parts.

Theorem 2 (Integration by parts). A bounded open set Q@ C R™ has the
smooth boundary OS2. Then,

(2) /uz(x)dx:/ u(o)vi(o)do,
Q o9
where v; = (v, €;).
Proof. We define V' : Q@ — R"™ by V(z) = u(x)e;. Then, the divergence

theorem implies

(3) /Q ws(@)de = /Q divV (z)dz = /a V(o). vlo))do = / w(o)vi(o)do.
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2. LAPLACE EQUATION

Let Q = B1(0) C R2. Given f € C%1(), we define
@ uw) == [ Gl fw)ay.

Problem 1 (4 points). Show that

(5) /ny

holds for |x| < 1.
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Problem 2 (4 points). Show that the following holds in €,
(6) u(z)| < 3 (1 - |2[?) sup | f1.

In particular, u =0 on 0.

Theorem 3. u is differentiable in Q. Moreover, for eachi = 1,2, o 0_y(z) =
vi(x) holds in ), where vi(x) is given by

(7) w(e) == | Gl 1wy

Proof. We choose some function p € C'(R) such that 0 < p < 1,0 < p’ < 2,
p(t) <1fort <1and p(t) =0 for t > 2. Then, given € > 0 we define

0 wle) =~ [ [0~ g)pe+ o(w.0) F0)dy,
Q
where p. = p(|z — y|/¢). If Bac(z) C Q then w. € C*(Q) and

(9) \U—we\S/B ()‘I’(x—y)\l—pe\!f(y)!dyﬁ062(1+UOgEDSUp\f\,
2e\T

and
(10 o gl < [ [ et - p) e 1fw)dy
Bae(x)
(11) < sup |f| o) o0 @@ = y)| + 2|2 (z — y)ldy
(12) < Ce(1 + [logel) sup If\
Hence, in any compact subset in 2, we and 77 - umformly converge to u and

v;. Thus u is differentiable and 621@ = ;. O
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Problem 3 (2 point). Verify u € C(Q) by using Problem 2 and Theorem 3.

Given i, j € {1,2}, we define v;;(z) by
(13) vle) = = [ (5 Gla)) 1) = Flaldy
(14 1) [ (gGam) v,

where vj(0) = (v(0),e;j) = (0, ¢;) = 0.

Problem 4 (6 points). Given i,5 € {1,2}, x € Q and ¢ > 0 such that
B (z) C Q, we define

(15) wo) = [ [oe) + pelon) i ota )] £0)

where p. is given in the proof of Theorem 3. Then, show that there exists
some constant C' such that

(16) lui(z) — we| < Ce, |vij(z) — a%jwel < Ce.

HINT 1 : SINCE f € C%Y(Q), 1F Bs(x) C Q) THEN THERE EXISTS SOME
Co SUCH THAT

(17) [f (1) = f(22)] < Colr — a2,

HOLDS FOR x1, 9 € Bs(x).
HINT 2 : YOU MAY USE THEOREM 2.

The result of Problem 4 implies

Theorem 4. u € D*(Q) and %;xu = vj;; holds in Q.
105

Problem 5 (2 point). Show that Au = f holds in Q.

Problem 6 (2 point). Show that given g € C*'(Q) and f € C®1(Q), there
exists a unique u € D*(Q)NC(Q) satisfying Au = f in Q and u = g on 0.

Remark 5. If f € C%(Q), then we have u € C*1(Q). The proof is given
in [Gilbarg-Trudinger] section 4.



3. LIOUVILLE THEORY

Problem 7 (6 point). Suppose that a positive function u € C*(R?\ {0})
is harmonic. Show that u is a constant function.

Problem 8 (2 point). Find a non-constant positive harmonic function u €

C(R™\ {0}).

Problem 9 (6 point). Suppose that a harmonic function u € COO(@)
satisfies |u(z)| < xo, where R? = {(x1,22) : w3 > 0}. Show that u(x) = cxo
for some constant ¢ € [—1,1].

Problem 10 (6 point). Suppose that a smooth solution u : R" x R — R to
the diffusion equation u; = Au + u? satisfies u(z,t) = u(x + e;,t) for each
ie{l,---,n}. Show that u=0.

4. MAXIMUM PRINCIPLE

Problem 11 (5 point). Let Q = B1(0) C R%. Given a positive function

f € C™(Q), we suppose that a strictly convex smooth function u € C*°(2)
satisfies w = 0 on 0B1(0) and

(18) det Vu(z) = f(x),

holds in Q, where det V2u = uj1u9s — u%Q. Show that

(19) u(z) > —4(1 - \xlz)sug\/f(y),
ye

holds for all x € ().

Problem 12 (5 point). Let Q@ C R™ be a bounded open set with smooth
boundary. Suppose that a smooth solution u : Qp — R (where Qr = € x
(0,T)) to the heat equation u, = Au satisfies the boundary condition u = g
on 0pQr for some g € C™° (97) Show that if g satisfies g > 0 in Q and g > 0
in 0Q), then u(xz,t) > 0 holds fort > 0.



